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Abstract 

This letter deals with an analysis of the space-time static metric that corresponds 
to a quintessential state equation with constant characteristic parameter. Following 
a procedure parallel to as it is used in the case of de Sitter space, we have tried to 
generalize the metric components that correspond to the quintessential case to also 
embrace black-hole terms and shown that this is not possible. We argue therefore 
that, in the absence of a cosmological constant, black holes seem to be prevented in a 
cosmological space-time which is asymptotically accelerating when the acceleration is 
driven by a quintessence-like field. 
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Some time ago it was not infrequent to witness scientific debates, both at meetings 
and private desks, on whether black holes may actually exist. Many physicists were 
then reluctant to accept black holes to indeed be among the existing physical objects. 
Even Einstein showed a very critical attitude against the existence of black holes and 
advanced some proofs for their nonexistence [1]. Since then, the situation has dra- 
matically shifted to favor the opinion that black holes must exist and be formed by 
gravitational collapse in many places of the universe, including star binaries and the 
center of galaxies. Although nobody has actually found a completely convincing case 
in which the black-hole occurrence is out of any doubt [2], black holes are currently 
being also used as the engine to deliver the high energies observed in many astrophys- 
ical processes, and often claims that a black hole has been observed in binaries or at 
galactic centers are being released by the press. 

Basing on the gravitational physics induced by a cosmic quintessential field [3], we 
argue in this letter that the present accelerating expansion of the universe [4,5] may not 
be compatible with the occurrence of large black holes, provided that the accelerating 
expansion is driven by a dynamic vacuum scalar field with negative pressure which 
did not imply a future cosmic event horizon [6,7] and, therefore, that the fundamental 
string and M theories be mathematically consistent [8]. Even in this case, room is 
left however for the existence of primordial black holes [9] during the whole cosmic 
period from big bang to the onset of the accelerating regime. If the recent results in 
supernova type la [4,5] are nevertheless explained by means of a positive cosmological 
constant, any kinds of black holes are allowed, but then no string or M theory could 
be consistently defined. Our result becomes then a kind of cosmic dilemma by which 
one must somehow choose between black holes and fundamental string or M theories. 

The Schwarzschild solution is usually interpreted as describing a black hole of given 
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mass M in an asymptotically flat space. There is also the straightforward generalization 
to the case of nonzero positive cosmological constant A, which is provided by the so- 
called Schwarzschild-de Sitter static metric [10,11], which represents a black hole in 
asymptotically de Sitter space [12]. This solution reads 

, 2 / 2GM Ar 2 \ j2 / 2GM Ar 2 \ _1 ,2 2,^2 
ds 2 = -il — \dt 2 +il —J dr 2 + r 2 dtt 2 2 , (1) 

where dfl 2 , is the metric on the unit three-sphere. This generalization of Schwarzschild 
space can actually be also viewed as a generalization of de Sitter space in static coordi- 
nates because of the following argument. If we assume for the considered static metric 
a general spherically-symmetric ansatz 

ds 2 = -A{r)dt 2 + B{r)dr 2 + r 2 dtt 2 2 , (2) 

in the case of a de Sitter space the metric components A(r) = B(r)^ satisfies a 

differential equation which is the particular case for uj = —1 of the most general 

differential equation that corresponds to a static, spherically-symmetric space for a 

quintessence-like vacuum scalar field with equation of state p = ujp [3,13] 

( A'A-WM Y /iMWV g (A'r 2 )' 
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where the prime ' denotes differentiation with respect to the radial coordinate r, a 
is an integration constant and the state equation parameter uj runs in the interval 
— 1/3 > uo > —1, and either [13] 

B ~ 1 + A(A')-(^+ 1 V^+ 1 ) (A'r + 2(3 ^ 1M ) ' ^ 
for -1/3 > lu > -1, or B = A' 1 for uj = -1. Note that Eqs (3) and (4) admit 
a particular solution for any uj other than uj = — 1 which has the form A oc r" 1 , 
B = 1 — r~ 2 , and is singular at r = but does not show any event horizon. 



At the extreme de Sitter case where uj = — 1 for which the positive cosmo logical 
constant is given by A = 8nG/a, Eq. (3) reduces to 

{A'Y /AV 1 



r 2 J Ar 5 \ A ' r ) ■ ( 5 ) 

Of course, a solution to Eq. (4) is the well-known static de Sitter metric A = B^ 1 = 
1 — Ar 2 /3. In addition, there is the generalization of this solution to a de Sitter space- 
time containing a black hole when we make the transformation A — > A = A(r) + £(r), 
where £(r) is also a function of the radial coordinate r that satisfies the following two 
conditions separately 

+ (^) =0, £V 2 = const.. (6) 

Eq. (5) is then invariant under A — > A if £ = const. /r, so that we finally obtain the 
Schwarzschild-de Sitter solution A = B^ 1 = 1 — Ar 2 — 2GM/r, after fixing const. = 
—2GM in the limit a — > oo. 

In order to investigate whether there could exist black holes in asymptotically accel- 
erating cosmological spaces corresponding to a dynamic vacuum with a quintessence- 
like equation of state characterized by a constant parameter —1/3 > uj > —1, rather 
than uj = — 1 of de Sitter space, let us try to follow a procedure parallel to that we have 
used for the case that we have just a positive cosmological constant, starting also with 
Eq. (3). We first notice that in all cases where uj ^ —1, —1/3, this general differential 
equation can be cast in a simpler form if we (i) re-define A(r) such that 

D(r) = A(r)( w - 1 >/( 2w >, (7) 

and (ii) use the general solution to Eq. (3) for —1/3 > uj > —1, i.e. [13] 

D(r) = Kr 2(--i)/(-+i) ; ( 8 ) 
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where 

k = k(u, a) = . (9) 

\ wa J 

In terms of the new function D(r), the differential equation (3) can then be re-written 

as 



" h l~9^/ L(3"+l)/" / + 8^,,, r (6^+1)/^ V^ 7 " J = - ^ 



I r (2w+i)/a; J V 2cj / VrO +1 )/ w / 87rG'wr( 6aJ + 1 )/ w 
This equation is obviously satisfied by solution (8). What we shall try to see now is 
whether it will be also satisfied by the generalized function D, defined by 

D -> D = D(r) +ip(r), (11) 

in such a way that, analogous to the function £(r) in de Sitter space, the function i])(r) 
will satisfy the following two conditions: 

so that Eq. (11) is satisfied by the solution ip(r) too. It can however be straightfor- 
wardly checked that for the two conditions (12) to be simultaneously satisfied by ip(r) 
it is necessary that (uo — l)/(2uo) = 3, which can only hold for uo = —1/5, i.e. outside 
the range that corresponds to the accelerating solutions —1/3 > u > —1. This shows 
that, even though for uo = — 1 the de Sitter (or Schwarzschild) static solution can be 
consistently generalized to the Schwarzschild-de Sitter metric, so allowing black holes 
to exist in asymptotically de Sitter space, Schwarzschild black holes are not allowed 
to occur in universes which asymptotically tend to a spherically symmetric space that 
corresponds to the accelerating cosmological spaces whose expansion is driven by a 
quintessence-like field with an equation of state characterized by a constant parameter 
— 1/3>cj>— 1. It is worth noticing that even for the case uj = —1/5 we had no 
Schwarzschild event horizon at all, as for in that case we obtain ip oc D oc r~ 3 . 



The question now arises: if the present accelerated expansion of the universe is 
driven by a quintessence field, is then the above result a definitive proof for the nonex- 
istence of Schwarzschild black holes (or actually any of their generalizations with charge 
or angular momentum) in the accelerating universe we live in?. Even though the consid- 
ered values of u, —1/3 > u> > —1, strictly make the usual sense only for homogeneous 
and isotropic Friedmann- Robertson- Walker (FRW) spacetimes, if we keep an equation 
of state p = up also in the case of spacetimes with static, spherically symmetric coordi- 
nates, one can as well obtain the static metrics which correspond to the above cu- values 
[13] for a given fixed relation between the energy density and the metric components, 
much in the same way as the static metric for de Sitter or Schwarzschild-de Sitter 
spaces can be derived from the Einstein equations for static, spherically coordinates 
and an equation of state p = up, whenever we set u> = —1. That static metric for 
de Sitter space can, in fact, be directly related with the corresponding FRW de Sit- 
ter metric obtained from the Friedmann equations also for uo = — 1 by means of an 
embedding in a common five-dimensional hyperboloid. Thus, to the extent at which 
Schwarzschild-de Sitter metric be interpreted as representing a black hole in asymp- 
totically de Sitter space, our result should in fact imply a positive answer to the above 
question. Schwarzschild, Kerr and Reissner-Nordstrom black holes could not then ex- 
ist in an accelerating universe. Moreover, since black holes with sizes larger than that 
of the atomic scale would completely evaporate off by the Hawking process only in a 
time which is much longer than the present age of the universe, it appears that for 
quintessence-driven accelerated expansion none of the known black holes with masses 
larger than ~ 10 15 g could exist at any time along the entire cosmological evolution, 
from big bang to now. 

However, even though neither Schwarzschild event horizon nor any of its rotating 
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or charged generalizations can exist in an accelerating universe, what such a universe 
might still have is a new kind of generalized horizons which would in turn be forbid- 
den for the case u> — — 1. These possibilities would correspond to those remaining 
generalizations which, together with A — > A, B = A -1 , will exhaust all possible gen- 
eralizations for the type of spacetimes we are considering. Let us introduce then the 
additional transformation 



D^D = D{r) exp[ X (r)]. 



(13) 



Insertion of this transformation into the differential equation (10) and further separate 
application of this equation to D(r) alone leads then to: 



exp[ x (r)] = C + C 1 



— / x^^y U+iJ e x dx, 

2u-l) J 



(14) 



where C and C\ are arbitrary integration constants, and we have introduced the 
definitions 

„2(«-l)/(w+l) 



IOlj 2 + 30c; + 4 



x = r 



m = 



3uj 2 - Qlo + 1 

It can be checked that (i) for uj = — 1 Eq. (14) would imply x =const., meaning that 
no solution other than de Sitter or Schwarzschild-de Sitter are allowed for u = —1, and 
(ii) for — 1/3 > u > — 1 the function x does actually depend on r and therefore may, in 
principle, eventually show new kinds of event horizons. Eq. (14) admits an integration 
in terms of the incomplete gamma function 7(01,2:) [14], such that 



exp(x) = C + Ci 



u + 1 



2(tu 
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UJ + 1 

2(cj-1) 
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m{uj + 1) 
2(uj- 1) 
miuj + 1) 2(^-1) 

r ui+i 

2(w-l) ' 



X 



(15) 



Hence, we can obtain an expression for the metric component A(r) which reads 
A(r) = \D(rj 



2w 
u-1 



^ ^ I ^ 
/Cw-lyw+l ^ C + Ci 
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mfa; + 1) 2^-1) 

— -,r 

2(w-l) ' 



2^ 
w-1 



(16) 



,2(^-1), 

Inspection of Eqs. (2), (4) and (8) allows us to deduce that all possible singularities of 
the metric must arise from the following two conditions: (i) A = 0, and (ii) A'r + 2(3u + 
l)A/(u+l) = 0, but not from A' = alone, in such a way that either A = and B = 00 
simultaneously (i.e. a coordinate singularity at an event horizon) or A — > £? — > 00 (i.e. 
a curvature singularity which was already present before making generalization (13)). 
Let us first analyze condition (ii), noting that the r-derivative of A(r) can be written 
as [15] 



2uj 3uj— 1 



A(r)' = n u '- 1 r "+ 1 



— C\ exp 



- [x + r 



exp 



2^ 
w - 1 



(17) 



.w + 1 

Using then expression (17) in condition (ii) we get for the possible singularities at 

r — Th and r = r s 



{P(r h )} x {Q(r s )} ee jrf 1 exp (^y^ 



x 



'2(5w + 1) 
u + 1 



Ci exp 



X (r s ) + rs " +1 



0. 



(18) 



We have then two different possible singularities coming from condition (ii). If we set 
{P(r h )} = 0, then the use of definitions (15) leads to r h = 00, so that, since r > and 
in the considered w-interval 2(u — + is definite negative and m(u + l)/[2(u — 1)] 
is definite positive, we also have 7(7^) = and A{r\) = 0, which makes conditions (i) 
and (ii) to hold simultaneously. Such a singularity would then describe a black hole 
or cosmological event horizon at r h = 00, and hence the resulting static spacetime 
would correspond to an accelerating universe either within an asymptotic black hole 
space with infinite radius, or with a cosmological event horizon at r = 00. It follows 
that the curvature singularity at r s = 0, at which both metric components A and B 
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simultaneously tend to infinity, must correspond to the condition {Q(r s )} = 0. This 
would in turn imply 



2(5u + l] 
to + 1 



Co — C\ 



(u + 1) exp — r s 



2(u-l 
u+1 



5lu + 1 
uj-1 



i{r 8 ) 



where [15] 



lim7(r) = V 



m{u + 1) 



(19) 



(20) 



_2(uj- 1) 

with T being the complete gamma function. One can now set the relative value of the 
integration constants C and C\ to be 



C 



(oj + 1)T 



m(u>+l) 
2(w-l) 



Ci 



2(1 -d) 

with which we finally obtain for the metric components 



(21) 



Ayr) = K^- 1 r^+ 1 



(u + l)Ci 
2(1 -u) 



2m 
w-1 



B(r) = 



m(u; + 1) 
2(cj- 1) 

F(r, a; 
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mfa; + 1) g^-i) 

— -,r "+ 1 

2(cu - 1) ' 



2uj 
uj-1 



(22) 



(23) 



A{r) ' 

where F(r, u>) is a generally finite function of r and uj which diverges only as r — > 
and as r — > oo. 

We have in this way obtained that the generalization (13) implies the existence 
of a spacetime which can be interpreted as representing a space that corresponds to 
an accelerating universe which evolves either within an infinite black hole, or toward 
an asymptotic cosmological event horizon at infinity. In both of these interpretations 
fundamental string and M theories would preserve mathematical consistency as such 
interpretations do not allow for causally disconnected regions anywhere up to infinite 
future. This result encompasses all uj- values within the interval —1/3 > u > —1 and 
confirms therefore our above conclusion that neither cosmological nor black hole event 
horizons can exist at finite distances for state equations p = up with —1/3 > uj > —1. 



Thus, the only black holes which are allowed to occur within the universe before 
the onset of the accelerating regime in the above scenario are those having a mass 
scale M < 10 15 g. These tiny black holes are currently known as primordial black 
holes [9] and were formed quite before galaxies existed. They could have evaporated 
off completely before or just at the coincidence time [16], when dark energy started 
to dominate (see Fig. 1). In fact, the black hole evaporation loss rate is given by the 
approximate expression [17] 

dM v 

dt BH M 2 

where T BH = 1/(8ttGM) is the Hawking temperature of the black hole and A BH = 
16nG 2 M 2 is the black hole surface area. The constant v is expected to be a number of 
order unity which reflects the number of degrees of freedom accounting for the species 
of particles created by the black hole gravitational field. Thus, an estimate of the time 
lasted by the largest possible black hole in completely evaporating, t ~ 64G 2 M 3 , should 
then roughly equal the coincidence time. This would bound the mass of the largest 
possible black hole to be of the order 10 15 g and moreover imply that short gamma 
ray bursts which were assumed by Cline, Motthey and Otwinowski [18] to be produced 
by nearby primordial black holes had necessarily stopped to occur at the onset of the 
accelerating regime. It would then appear that the onset of dark energy dominance 
and the end of black hole occurrence are strongly correlated to each other. At present, 
we had no explanation for that correlation. 



If we want to preserve consistency in the fundamental theories for gravity and par- 
ticle physics, such as predictive string theories or M theory, one cannot describe our 
present accelerating universe using a gravitational framework with a positive cosmo- 
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BIG BANG 



Figure 1: Pictorial representation of the evolution from big bang to now of a universe which contains 
a quintessence field with constant state equation responsable for the present accelerating expansion. 
No black hole at all may exist in such a universe after the onset of the present accelerating expansion. 
Before the coincidence time at which dark energy started dominating, that universe only allows the 
existence of primordial black holes which exhausted all their energy by Hawking evaporation before 
or at the onset of the present accelerating expansion. 

logical constant, for in that case the above theories become mathematically ambiguous 
because they all rely on the existence of an S matrix at infinite distances which is in- 
compatible with the existence of a cosmological event horizon in the future [6-8]. The 
accelerating universe that corresponds to a constant quintessential field has neverthe- 
less no event horizons at finite distances [13] and therefore does not pose this kind of 
challenge to the fundamental theories. If we accept the result obtained in this paper, 
then one is thus brought to the following dilemma: either one allows for the existence 
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of black holes of any size at any time during cosmological evolution at the cost of hav- 
ing to renounce to any mathematically consistent description of particle physics and 
quantum gravity based on the existence of an S matrix at infinite distances [6-8], or, 
if the mathematical consistency of such teories is taken to be prioritary, then one has 
to renounce to having black holes at our disposal to make the nuclei of galaxies, or 
for igniting the engines of so many high-energy processes that are currently thought to 
occur in astrophysics and cosmology. 

Although the present status of string and M theories, on the one hand, and that of 
accelerating cosmology, on the other hand, does not allow one to succeed in finding any 
solid, definitive argument in favor of any of these two possibilities, one might be more 
akin to preserving the predictive character and mathematical consistency of fundamen- 
tal particle-physics and quantum-gravity (if any) theories, and then reluctantly shift 
the black- hole concept to just the quantum realm where it could be implemented either 
(i) as the kind of primordial black holes we considered before, or, together with other 
space-time constructs such as wormholes, ringholes or warp drives, as just another 
more component of the so-called quantum space-time foam [19]. What this attitude 
would definitely prevent is any large black hole formed by the gravitational collapse of 
stars. 
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